We prove that the number of odd parity instabilities of the n-th SU(2) Einstein-Yang-Mills-Dilaton soliton and black hole equals n.
Introduction
The discovery of a countable family of solitons [1] and black holes [2] in static, spherically symmetric SU(2) Einstein-Yang-Mills (EYM) theory has triggered a continuous interest in the study of matter models of this kind. The answer to the central question about the (linear) stability of these solutions turned out to be negative though [3] : The spherically symmetric perturbations decouple into an even and an odd parity sector, which both contain negative modes [4] , [5] , [6] . Whereas the former are "gravitational" because they don't have flat space-time analogues, the latter allow for a "sphaleron-like" interpretation, cf. [4] , [6] and references therein. Numerical studies in [3] showed that the n-th soliton or black hole, characterized by the number n of nodes of the gauge potential, has exactly n negative gravitational modes. In the sphaleron sector, this has been shown numerically in [4] , whereas in [5] , [6] the following strategy has been used for an analytical proof: The arising system of coupled differential equations for the perturbation amplitudes is cast into the form of a Schrödinger equation. Its formal supersymmetric partner Hamiltonian has a zero energy state which depends on an auxiliary function whose properties, due to the residual gauge freedom of the perturbation equations, can be chosen such that the roots of the zero mode are the roots of the background gauge potential. Since the supersymmetry transformation is reversible for strictly negative energies (cf. below), the number of negative modes thus equals n. We find that this strategy extends to the model we are interested in, the EinsteinYang-Mills-Dilaton (EYMD) model, whose action
describes a generalization of the EYM system. Here, G is Newton's constant, κ the dilaton coupling, and λ the gauge coupling. Rescaling ϕ → ϕ/ √ G and r → r √ G/λ in (1) removes the dependence of the field equations upon the coupling constants G and λ (hence, we will always set G = λ = 1 in the following): The only remaining parameter is the dimensionless constant
The limits γ → 0 and γ → ∞ lead to the EYM and YangMills-Dilaton theory in flat space-time, respectively. As for the extreme cases, [1] , [7] , a discrete familiy of globally regular and black hole solutions has been found in [8] for the intermediate values 0 < γ < ∞. Rigorous existence proofs and classifications of the solutions are given for the extreme cases in [9] , [10] , [11] .
The number of instabilities
The action in the spherically symmetric EYMD theory and the corresponding background equations are given in Apendix A and B. For small spherically symmetric perturbations around the soliton and black hole solutions of the background equations (22) to (25) found in [8] , we get the linearized dynamical equations (26),(27), and (28) from Appendix C. To simplify the form of these equations, we introduce the new radial coordinate ρ defined by
with ρ(0) = 0 for the solitons, and ρ = −∞ at the horizon of the black holes. Plugging the perturbations
into the linearized dynamical equations (26),(27), and (28), we are left with a coupled system of ordinary linear differential equations for the gauge amplitudes α and β, consisting of equation (26),
equation (27),
and the Gauss constraint (28),
Here, and in the whole of Section 2, the prime denotes a derivative with respect to the coordinate ρ. To rewrite equations (3), (4), and (5) in compact form, we define modified gauge amplitudes x and y,
and modified background fields f and g,
Now, note that, if we multiply the right hand side of equation (3) by e 2γϕ r 2 /S, take the derivative of the resulting product, and make use of the background equation (24) in the coordinate ρ,
we get the right hand side of equation (4) multiplied by w. Hence, using the definitions (6) and (7), we can rewrite equation (3) as
f y, and the Gauss contraint (5) as ω(x ′ − f y) = 0. If ω = 0, the second equation is a consequence of the first and the third one. In this case, we are left with the system
In the case ω = 0, the Gauss constraint is void and we have to deal with the single pulsation equation (9) which is invariant under the gauge transformation x → x + h ′ /g and y → y + hf , where h is an arbitrary function. Hence,
solve (9) . In the following, we keep the Gauss constraint (10) also for the case ω = 0 where it plays the role of a gauge fixing condition (also called the strong Gauss constraint): The remaining gauge invariance in (11) is broken in the sense that h has to fulfill the linear second order differential equation
Now, as in [5] , [6] , to determine the number of instabilities, we cast the system (9), (10) into the form of a formal radial Schrödinger equation for the function φ = x/f by eliminating the amplitude y with the help of the strong Gauss constraint (10). We then get
where the potential V 0 in the Hamiltonian
Since V 0 has singularities at the roots of the gauge amplitude w = e −γϕ f , we try to construct the supersymmetric partner Hamiltonian H 1 of H 0 whose potential V 1 is such that the number of bound states of H 1 can easily be determined. We proceed as it has been described in the Introduction. Due to the residual gauge invariance (11),(12), the Hamiltonian H 0 has a zero mode φ 0 = h ′ /(f g). This zero mode allows for the facorization H 0 = Q + Q − where the charges Q ± = ∓d 2 /dρ 2 + σ are expressed through the superpotential σ = −φ ′ 0 /φ 0 which solves the Riccati equation
Moreover, the potential of the supersymmetric partner
Using the definition z = −hg/h ′ and the strong Gauss constraint (12), the superpotential takes the form σ = f ′ /f + f 2 z. Therefore, since z solves the Riccati equation z ′ = f 2 z 2 − g, the first term on the right hand side of (13) cancels. Hence, V 1 has the form (8), we get rid of the remaining singularities in V 1 generated by w,
To find a candidate ψ 0 for a zero mode of H 1 , we look for a solution of the equation
for some sufficiently small positive ρ 0 . Due to the remaining freedom in the choice of a solution of (12), we construct a function z in Appendix E, such that both V 1 is sufficiently regular and ψ 0 is square integrable on the half-line and vanishes linearly at the origin: Plugging (33) and (34) into (14), we find that V 1 is a bounded S-wave potential with
Furthermore, plugging (33) and (34) into (15), the zero mode ψ 0 behaves like
which implies that ψ 0 vanishes at the origin and is square integrable on the half-line. Now, due to Sturm-Liouville theory [13] , the number of bound states of H 1 equals the number of nodes of ψ 0 . But, using the definition (7), the number of nodes of ψ 0 equals the number of nodes of w since ψ 0 is of the form (15). Since, as long as ω 2 < 0, the supersymmetry transformation is invertible, the claim follows.
The derivation of the number of instabilities for the case of black holes described in [8] proceeds along the same lines as the one just presented for the case of the regular solutions, cf. as well [6] . 
A Computation of the action
Everywhere in this paper, the dot denotes a derivative with respect to t. In Section 2, and from equation (32) on to the end of Appendix E , the prime stands for a derivative with respect to the coordinate ρ introduced in (2) . In all the other Appendices and in the rest of Appendix E, the prime stands for a derivative with respect to r.
With [12] , we parametrize the spherically symmetric gravitational field by Schwarzschild coordinates as
and the su(2) valued gauge potential as
The metric coefficients N and S and the gauge amplitudes a 0 , a 1 , w, andw depend on the radial coordinate r and the time coordinate t. The 2 × 2 matrices τ r , τ θ , τ φ are the spherical generators of su(2). They are defined by τ r = τ · e r , τ θ = τ · e θ , τ φ = τ · e φ , where τ = σ/(2i) with the Pauli matrices σ = (σ 1 , σ 2 , σ 3 ), and e r , e θ , and e φ denote the unit vecors in the directions of r, θ, and φ, respectively.
With the parametrizations (16) and (17), the action (1) (with G = λ = 1, cf. Introduction) takes the form
where the densities are given by the expressions
B Background equations
In the static case, and with the magnetic ansatz a 0 = a 1 = w = 0, the stationarity of the action (18) with (19), (20), and (21), leads to the following Euler-Lagrange equations for the fields N, S, w, and ϕ, respectively.
C Linearized dynamical equations
Since we are interested in a linear stability analysis in the neighborhood of the background soliton and black hole solutions of (22), (23), (24), and (25), we determine the corresponding pulsation equations for the perturbing fields δN , δS, δa 0 , δa 1 , δw, δw, and δϕ, cf. [14] for a general procedure. As for the EYM case mentioned in the Introduction, the even parity modes δN , δS, δw, δϕ and the odd parity modes δa 0 , δa 1 , δw decouple in the EYMD system in the magnetic ansatz a 0 = a 1 =w = 0. With the temporal gauge δa 0 = 0, the pulsation equations for the odd-parity modes which we are interested in have the following form.
D Asymptotics of the background
From [8] we have the following asymptotic behavior of the fields at the origin.
At infinity, the asymptotics looks as follows.
For asymptotically flat solutions we choose S ∞ = 1 and ϕ ∞ = 0. For a more detailed description of the asymptotic behavior of the fields and the meaning of the constants, cf. [8] .
E Constructing z
Using the definitions (6) and (7) and the background equation (22), we can rewrite (12) as a second order linear differential equation of Fuchsian type in the variable r,
It has two regular singular points, a first one at the origin, and a second one at infinity. As in [8] , we assume all the background fields to be real analytic at the origin and at infinity (in the EYM case this has been proven in [10] ).
Hence, using the structure of the coefficients in (29) and the asymptotics from Appendix D, the Fuchsian theory yields the indices α 1 = +1 and α 2 = −2 at the origin, and α 1 = +2 and α 2 = −1 at infinity. Moreover, it turns out that there is no linearly and no logarithmically divergent term in the solution at the origin. If we choose a special solution h 0 of (12) which vanishes at infinity, we have to keep the quadratically divergent term at the origin though, cf. [6] . Since, with [8] , we assume continuity of the coefficients in (29), we are thus given a classical solution of (29) on the half-line with asymptotics
To pick a function z having the desired properties described after (15), we make use of the general solution of (12) constructed from the particular solution h 0 . In the coordinate ρ, the general solution z has the form
Plugging the expressions for the asymptotic behavior from Appendix D and (30),(31) into (32), we can achieve that 
